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Abstract: We investigate Laughlin's fractional quantum Hall effect wave func- 
tion on a cylinder. We show that it displays translational symmetry breaking in 
the axial direction for sufficiently thin cylinders. At filling factor f/p, the period 
is p times the period of the filled lowest Landau level. The proof uses a connection 
with one-dimensional polymer systems and discrete renewal equations. 
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1. Introduction 

Our goal in this paper is to investigate the properties of a quantum mechanical 
wave function of very many variables known as the Laughlin function [Lau2j . It 
arises as an explanation of a curious and unexpected phenomenon known as the 
fractional quantum Hall effect (FQHE) [TSG] . 
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It is not our intention to discuss the physics of FQHE but rather to discuss 
the mathematical problems that arise when the Laughlin function is appropri- 
ately modified for a two-dimensional cylindrical geometry The interesting 
point here is that although the setup is seemingly translation invariant (in the 
direction of the cylinder axis) the resulting one-particle density p is not invari- 
ant but has a non-trivial periodicity of length p (in natural units), where p is an 
integer related to the so-called "filling fraction" . The main content of this paper 
is the rigorous verification of this periodicity when the cylinder radius is small 
compared to the natural length. The periodicity has a natural interpretation in 
the context of classical Coulomb systems and is manifest in the periodicity of a 
closely related "quantum polymer" jJLS| . The conjecture of periodicity for all 
radii remains open. 

Let us just say a few words about the function and why it was proposed. 
Imagine a hollow circular cylinder in of radius R on whose surface N electrons 
reside. Each electron has a coordinate {x,y), with x S M denoting the distance 
parallel to the cylinder axis and y E [0, 2ttR) denoting the angular coordinate. 
We will often use z = x + iy to denote the coordinate instead of {x,y). There 
is a magnetic field of magnitude B ~ curlA perpendicular to the surface. Since 
magnetic fields must be divergence free we can think of this situation as one 
in which there is a (unobserved) flux through the hollow cylinder that leaks 
out through the surface with a constant flux through the cylindrical surface on 
which the electrons reside (see also |WH| . Sect. III). If we pay attention only to 
the surface the physical situation is translation invariant but if we pay attention 
to the flux in the hollow core we can measure our x coordinate by measuring 
the total flux in the circular cross section at x. The magnetic vector potential, 
A, evaluated on the surface, is given by Stokes' theorem (assuming that A has 
no component in the axial direction) as A{x,y) = {Q,Bx + (P/{2ttR)), which is 
obviously periodic in the y direction. Our vector potential A{z) is determined 
only up to a gauge parametrized by (/). 

With this choice the one particle Schrodinger operator is 

H=\{p- A{z)Y = ^iHd^f + {~idy - Bx - ^f). (1) 

In our units Planck's constant /i, the mass and the charge of the electron are 1. 
To simplify notation B actually denotes the magnetic field divided by the speed 
of light, and in the following we will choose units in such a way that B = 1. 
Our operator H should be seen as the part of a three-dimensional Hamiltonian 
which acts on the axial and the angular parts of the wave function^ The vector 
potential A is the restriction to the cylinder surface of some three-dimensional 
vector potential that gives rise to a magnetic field as sketched in |WHj . Fig. 3. 

In the chosen units, the "magnetic length" I = {h/eBY^'^ equals 1. An im- 
portant role will be played by the dimcnsionless parameter 

j^i/R^ II R. 



^ In cylindrical coordinates, with r, 6, x the radial, angular and axial coordinates, the part 
of the Laplacian that we are interested in is r~^9| + 9^- Fixing r = R and choosing y = R9, 
this becomes dy + 8^: the differential symbol is R-indcpcndcnt. 
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Here wc come to the crucial point that the usual gauge invariance (mean- 
ing that we can replace A{z) by A{z) + V^(z) and a wave function tZ/(z) by 
'l^{z) exp[i(f){z)]) is not generally allowed. Gauge changes exp{i(f){z)) have to re- 
spect the 27ri?-periodicity in the y direction. Consequently, the number in H 
cannot be changed by a gauge transformation unless the change is a multiple of 
27r. 

This lack of complete gauge symmetry is intimately related to the breaking of 
translational symmetry. If we translate in the axial direction by 6 then x — > x+S, 
the Hamiltonian ([T]) with this replacement is generally not gauge equivalent to 
the original one. That is, changing A by V(/) with (j) = Sy is not allowed - except 
for the special cases i5 = n/R = nj with n e Z. Hence the system possesses a 
discrete translational symmetry. 

The discrete translational invariance and the effect of changing cf) can be 
nicely read off the eigenfunctions of H. The cigenfunctions belonging to the 
lowest eigenvalue are all of the form 

^(z) = /(z)exp[-(x+g)V2] 

where / is an entire function. To respect 2ttR periodicity, the eigenfunction must 
be a superposition of functions 

exp(7nz)exp[-(a- + — ) /2] cx exp(in7y) exp[-(a: - (n - — )7) /2] , (2) 

with n G Z. These functions are essentially Gaussians of x; their centers form a 
lattice with spacing 7, and changing (j) amounts to a uniform shift of the centers. 
From now on, we set the parameter to 0. 

If we now consider a finite cylinder of length L then we impose the 'phys- 
ical' boundary condition that we restrict functions to the interval < x < L 
and consider only ground state eigenfunctions with centers inside that intervalH 
Thus, for a finite cylinder, the dimension of this lowest energy space - known as 
the lowest Landau band - equals the "number of fluxes" RL, i.e., the total flux 
2ttRLB divided by the flux quantum 2tt (remember B = 1). 

If there are some number N of electrons that repel each other via a Coulomb 
interaction we have to construct a wave function of N variables zi, 2:2, -zat 
that minimizes the total energy. The kinetic part is minimal if we choose sums 
of products of one-particle functions from the lowest Landau band. In other 
words our wave function must have the form 

N 

P(exp(7Zi),exp(7Z2), . . . , exp(7ZAr)) exp(-^a;|/2) 

where P is a polynomial in N variables of degree at most RL in each variable 
separately. Furthermore, the Pauli exclusion principle for fermions demands that 
this polynomial be antisymmetric, i.e., that it change sign if any two variables 
are interchanged. If the particles arc bosons, instead, then P must be symmetric. 



^ These are the ground state eigenfunctions of the Hamiltonian ((TJ with chiral boundary 
conditions lAANSI . 
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We are interested in the cases that N ~ RL/p with p ^ 1,2, 3, in which 
case we say that the lowest Landau band is filled to a fraction 1/p. The function 



<I'n{zi,...,zn) = KN Y\. (cxp(7Zfc) - e:iq){jZj)Y exp(- a;^/2) (3) 



satisfies all the stated conditions for fermions (when p is odd) and for bosons 
(when p is even). Later, it will be useful to fix the multiplicative factor kn as in 
Eq. (fT7|l below. The factor kn does not affect the one-particle density. Our choice 
of kn makes 'I'n the power of a Slater determinant of functions that resemble 
the lowest Landau level basis functions (see Eq. and considerably simplifies 
subsequent statements on normalization constants. 

This function was invented by Laughlin [Lau2| for the disk geometry and 
later adapted to the cylinder geometry [T], and is considered to be a good ap- 
proximation to the true ground state. Its distinctive feature is that it is small 
when two particles Zj and Zk are close together, thereby making the interaction 
energy small. 

In this article, we analyze the periodicity in the axial direction of the state 
\'1'n){'I'n\ in the limit N ^ oo for fixed radius R and filling factor 1/p. Particular 
emphasis will be put on the one particle density 



where Cn ~ W'^nW'^ is the L^-norm squared with respect to integration over (ffi.x 
[0,2ttj-^])^ . Notice that we integrate over infinite cylinders but keep referring 
to as a finite cylinder state. The reason is that the wave function vanishes 
exponentially fast outside the finite cylinder. For p = 1, the wave function is a 
simple Slater determinant of basis functions ([2]), the density is a sum of equally 
weighted Gaussians exp[— (x — 717)^] (see Eq. (P5|) ). and changing the domain of 
integration to a finite cylinder does not affect the density in the middle of the 
cylinder. 

The origin of the analysis of the density's periodicity is an observation for 
the filled lowest Landau level: for p = 1, the density is periodic with minimal 
period 7. This contrasts with the constant density of the filled Landau level 
in the symmetric gauge and refiects the discrete translational symmetry of the 
Hamiltonian ([1]). 

When p > 1, Laughlin's state does not possess the full discrete symmetry 
of the Hamiltonian ^ any longer, hence the symmetry is broken. However, the 
state is still periodic, with minimal period P7, i.e., p times the period of the filled 
Landau level. This is rigorously sh own he re for cylinders with sufficiently small 
radius (large 7) ; numerical results |SWKj for p = 2 and p = 3 suggest that the 
result actually holds for all values of the cylinder radius. Related, finite N results 
have been obtained in |RH| . Related considerations for Laughlin type functions 
on tori, introduced in [HRj . can be found in jSFLIIBK] . In [SFLj . the amplitude 
of oscillations of the density for torus Laughlin-type functions is investigated 
numerically, as a function of the cylinder radius. 

It follows from our results that the density and hence, the amplitude of 37- 
oscillations, are analytic function of 7 when 7 is sufficiently large. This implies 



N 



l<j<k<N 
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that the only possibihty for the osciUation amplitude to vanish on some small 7 
interval is that a phase transition occurs as 7 is decreased, see ^ for a similar 
argument. (With "phase transition" we mean that either there is no longer a 
well-defined unique thermodynamic limit or there is a unique thermodynamic 
limit but the density ceases to be analytic at some point.) |BK| argue that no 
such phase transition occurs, but a rigorous proof is still lacking. 

Due to the picture mentioned before, translation along the cylinder axis can 
be reinterpreted as a change of flux (p. One flux unit (27r) corresponds to a 
translation by one natural length unit (7). Hence the many electron system is 
invariant under a change of p flux units. In the picture of Laughlin's original 
article on the integer Hall effect |Laul| this corresponds to a transport of one 
electric charge from one edge to the other of the cylinder for every adiabatic 
change by p flux units. This is related to a heuristic argument given in [TW| . 
suggesting that the periodicity is needed in order to reconcile Laughlin's IQHE 
article with fractional quantum Hall conductances. 

Another interpretation of the periodicity is that the N particles in a cylin- 
der of length pN are not arranged randomly but, more like a one-dimensional 
crystal, they are separated by a distance of p units. This interpretation is of 
interest from the point of view of Laughlin's plasma analogy [Lau2| : YS/n]"^ is 
proportional to the Boltzmann weight of a classical jellium system placed on a 
cylinder (see also jJLS| . Sect. 3). The factor cxp(— ^f/^) in the wave function 
arises from the potential created by a neutralizing background while the polyno- 
mial in exp(7Zj) accounts for the repulsive interaction between charged particles. 
One-dimensional jellium systems always display periodicity, i.e., "Wigner crys- 
tallization", as was shown in |K[|BL| . For jellium tubes, the symmetry breaking 
is well-known at coupling constant F = 2, corresponding to the filled Landau 
level, see |CFSP JL|. The periodicity has been conjectured to hold for other values 
of the coupling constant |AGL| . Our results give a partial proof of this conjecture. 

Our result on the periodicity comes in several parts: a preliminary observation 
(Lemma [2]), holding for all values of 7, is that the one particle density can never 
be constant, and if it is periodic, the period must be a multiple of 7. Theorem[2l 
valid for large 7, states that the Laughlin state has a unique thermodynamic 
limit as ^ 00, and the limiting state has P7 as one of its periods. Theorem [3] 
says that pj is actually the smallest period. We also prove, for large 7, that the 
state is mixing with respect to (magnetic) translations along the direction of the 
cylinder axis (Theorem m). 

The crucial idea for the proof of our results is the representation of Laughlin's 
wave function as a "quantum polymer" [JLSj . This means that is written 
as a sum of functions, each associated with a partition of {0, .., N — 1}. One of 
these functions is the Tao-Thouless function |TTj , which is the antisymmetrized 
tensor product of lowest Landau band functions centered at multiples of pj. The 
Tao-Thouless function can be interpreted as a simple monomer, see Fig. [T] The 
polymer expansion is explained in Subsects . 13 . II and 13 . 21 The associated polymer 
system has a built-in form of translational invariance that is at the origin of the 
P7-periodicity in the limit N 00. 

One consequence of the polymer representation is a recurrence relation for 
the normalization constant Cn, known as a (discrete) renewal equation. In Sub- 
sect. 13.31 we show that the associated renewal process has finite mean for sufH- 
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Fig. 1. a) The Tao-Thouless state for p = 3 and TV particles is made up of lowest Landau 
band functions [2] with Gaussian centers 0,3f,..,{3N — 3)7. b) This is visualized as a succession 
of N times the sequence "filled circle - white circle - white circle" . c) These N blocks are 
associated with a monomer partition of {0, ...,N — 1}. 



ciently large 7. We use this important tcclmical result in Subsects. 13.41 and 13.51 
to prove our results on Laughlin's function. 

At this point, let us mention that plasma analogy sheds some light not only 
on the density's periodicity, but also on the recurrence relation: indeed, in the 
context of jellium systems, a renewal equation already appeared in |Len| . while 
a renewal inequality showed up in [LLj . 

In Sect. [21 we investigate a solvable model that arises as a simplification of 
Laughlin's function. In this model, only monomer-dimer systems occur. This 
allows us to introduce in a simpler setting the ideas described above. 



2. A solvable model 

As a preparation to the examination of Laughlin's wave function, we analyze 
a modified wave function. It is derived from Laughlin's wave function by re- 
placing Gaussians with functions of compact support. If the support is small, 
the normalization constants and the one-particle density can be computed ex- 
plicitly (Prop. [1]), and it is easy to check that the thermodynamic limit of the 
one-particle density is a periodic function (Corollary [1]). 

The proof of these results relies on the representation of the modified wave 
function as a sum over monomer-dimer partitions (Lemma [T]), leading to a re- 
currence relation of second order for the normalization constants, see Eq. ()16p . 

The derivation of the modified wave function starts from the well known 
representation of Laughlin's wave function as the p"^ power of a Vandermonde 
determinant [D |IFGIL] times a Gaussian weight. The Gaussians can be absorbed 
into the determinant and we can complete the squares. For N = 2 particles and 
p = 3, this gives 

3 1 

(exp(7Z2) - exp(7Zi)) exp{--{xl + xD) 



det 



cxp(— a;f/6) exp(— Xj/G) 
cxp(72;i — xf/Q) cxp(7Z2 — X2/6) 



(- '^\r\+f cxpi~xl/6) exp(-2:2/6) 

exp^^T ) dct (^e^p^i^y^ _ _ 3^)2/5] exp[i^y, - {x^ - 37)76] 
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More generally, with a suitable choice oi kn (see Eq. (fT7|) below). Laughlin's 
function becomes 

1 / \ p 

<Pn{zi,..,zn) -^(^det(^fc_i(z,))^<^^^.<^j (4) 

where 

'^'^(^) " (-9^^-i^)i/2p Gxp(ifc7y)exp(-(x- -pfc7)V2p). 

Notice that, up to the multiplicative constant, the quantity 7 appears only in 
combination with the integer k. Hence it suffices to consider the case 7=1. The 
7-dependence can be restored by replacing in the forthcoming formulas integers 
A: € Z by kj. To simplify the formulas further, we will limit ourselves to p = 3. 

Now we replace the Gaussian in formula (j4]) by an even measurable function 
/ of compact support. Let 

0^(0) :=exp(ifcy)/(x-3fc), (fc e Z). (5) 

For iV e N, we define the modified wave function <Pn hy 

1 / \ 3 

It turns out that the one-particle density can be computed exactly when only 
neighbors overlap: (j)k(t>m = Oif|fc — m|>2. This can be achieved by choosing a 
function / with a compact support contained in [—3,3], so that 

/(•)/(•- 3n) = for |n|> 2. (7) 

The main idea in this section is to use the nearest neighbor overlap condition to 
simplify the expansion of the determinant power ([G]). Because of the third power, 
the expansion of Eq. ^ can be written as a sum of wedge products of functions 
(f)k{z)4>m{z)4>n{z) ■ The overlap condition restricts k,m,n to k = m ~ n, k = m, 
n = fc + 1, etc. We define an orthonormal set of functions V'm, labelled by their 
y momentum m G Z, by: 

(I'Uz) = ^/a^V'3fe(2), (l>k{.z)<j)k+i{z) = \/%ip3k+i{z) 
(t>k{z)(pl+i{z) = \/%1p3k+2{z), 

The wave function ipmiz) describes a particle localized around x ~ m. The 
constants ai and P2 are suitable positive normalization constants. 

The normalization of <?Ar and the one-particle density are easily expressed in 
terms of ai, a2 9/3| and ipm- 



We use the normalization (/ A g){zi, Z2) = -j= {f{zi)g{z2) — f{z2)g{zi)) . 
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Proposition 1. Let f satisfy the nearest neighbor overlapping condition Let 
X± := (ai ± \/a^-|-4a2 ) /2 . Let he the norm squared of<Ppf, considered as a 
function in x [0, 27r])"'^), and pn{z) the one-particle density. Then 

A:=0 



fc=0 



(9) 



Before we turn to the proof of the proposition, let us observe that it has the 
periodicity of the one-particle density in the thermodynamic hmit as a simple 
consequence. To see this, observe that translating a function ^pm by a multiple of 
3 along the cylinder axis amounts, up to a phase factor, to increasing the index 
TO by a multiple of 3: 

exp(i3fcy)V'm(z - 3A:) = i>m+3k{z)- (10) 

The density pn{z) of Eq. ([5]) is a function of a; = Rez alone and vanishes when 
X is far outside the interval [0,3A^]. We arc interested in the limit of the density 
around the middle of this interval. For a given z, only finitely many fc's contribute 
to the sum ([9]). When x is near the middle of the cylinder, the fc's that contribute 
are of the order of N/2. But now, because of Eq. 

CkOiiCN~k-i 1 A'j+^aiA^^"'' ai 



Cn X+-X- A^+i A+-A_ 

when k and N—k both go to infinity. A similar statement holds for the coefficient 
in the second line of Eq. Hence in the limit N ^ oo, the shifted density 
Pn{z — 3[A^/2J) converges to 



E 

k— — oc 



Because of the covariancc ([TU]). this function is 3-periodic. Thus we have obtained 
the following corollary from Prop. [1] 

Corollary 1. There is a 3-periodic function p[x) of the coordinate x alone such 
that 



lim pN{z-i[N/2\) ^ p{x) 



for all z ^ X + iy Cz 



Remark. The corollary does not exclude periods smaller than 3. The density can 
even be constant. For example, when / is a step function taking only two values 
- one on the intersection of supp/ and the shifted supports supp/(- — 3n) and 
another one on the remainder of supp/ - a suitable choice of the two values gives 
a constant density. However, for most choices, the density will have a non-trivial 
periodicity. 
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Now let us turn to the proof of Prop.[TJ The proof of the proposition rests on 
a particular representation of in terms of "monomer" and "dimer" functions 

U{k}iz) := y/a^ij3kiz), ^^^^ 

where k £ Z. In the following lemma, the modified wave function <Px is written 
as a sum over partitions Xi,..,Xd of {0, ...,A'^— 1} into monomers {k} and 
dimers {k,k + 1}. We will always assume that the partitions are ordered, i.e., 
the elements of Xi are smaller than those of X2, etc. 

Lemma 1. The modified wave function can be represented as a sum over 
ordered monomer- dimer partitions of {0, N ~ I}: 

<?7V = Ux^h-hUXo- (12) 

(Xu..,Xd) 

Proof. The function <?Ar is defined as the power of a determinant. This leads to 
the expression 



^x{zi,-.,Z]x) = 




The sum is over permutations of {0, . . . , N — 1}. Expanding the power of the 
sum, we see that <1>n equals VlvT times the antisymmetrization of 

N 

^sgn(crT) Y[ (/>j-i(zi)(/>^(j_i)(zj)(/)^(j_i)(zj). (13) 

<T,r j = l 

Suppose (7, T give a non-vanishing contribution to the sum above. Then because 
of the nearest neighbor overlapping condition, they must satisfy 

Vfc e {0, .., iV - 1} : \a{k) - fc| < 1, |r(fc) - fc| < 1, |r(fc) - cr(fc)| < 1. (14) 

As a consequence, a and r are products of disjoint nearest neighbor transposi- 
tions Ti, ..,Tr. The set of transpositions is uniquely determined by the permuta- 
tions (7, T. It can be represented by a monomer-dimer partition of {0, TV — 1}, 
with r dimers corresponding to the transpositions' supports. Thus to each pair 
of permutations fulfilling Eq. (jl4p we can assign a monomer-dimer partition. 

The proof of Eq. p2|) is concluded by the following observation: if in Eq. |T3]) 
we sum over permutations a, r that give the same partition Xi, Xjj, and then 
antisymmetrize the resulting sum, we obtain uxi A .. A ux^- 

To see this, we consider the example N = 3, Xi ^ {0}, X2 = {1,2} and leave 
the general case to the reader. There are three permutation pairs (cr, r) giving 
rise to the partition Xi , X2 , namely all combinations of the identity 1 and the 
transposition (12) except a = t = 1. Their contribution to the sum (fT3|) is 

f32'lpoizi) [-2ip4{z2)lp5{z3) + ^5{z2)ip4{z3)] 

Antisymmetrization and multiplication by -v/sl gives U{o} A W{i,2}- ^ 
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Lemma [T] allows us to prove Prop.[Tl using the orthogonality of contributions 
from different monomer-dimer partitions. 

Proof of Prop. \1\ The key observation is that each monomer-dimer partition 
Xi, ..tXd is associated with a unique set of y- momenta mi, ..,m^: by the defi- 
nition ([TT|) of we have 

uxi A .. Aua'd = (-l)^"'°(aiV(Xi) ' ■• ' "^(Xd))^^^'*/'™! A .. A (15) 

The y momenta m ~ {mi, ..,mi^) are obtained as follows: when Xi, is a 

monomer partition, m equals (0, 3,..,3A^ — 3). The vector belonging to a par- 
tition containing the dimer {fc, A: + 1} is obtained from this reference vector by 
replacing 3fc, 3fc -I- 3 with 3fc -I- l,3fc + 2, see Fig. [2] Thus different partitions 



b) 







— e — • — e — e — • — e — e-^ m = mTT = (0,3,6) 



3^ 



^i = {0}, X2 = {1}, X3 = {2} 
renewal points 1, 2 



-G — e — e — • — • — e — e — m = (0,4,5) 



Xi = {0}, X2 = {1,2} 
renewal point 1 



Fig. 2. From partitions of {0, .., A'' — 1} to wedge products Vmi A .. A ipm^- examples for 
A'^ = 3. a) A monomer partition corresponds to the Tao-Thouless configuration, b) When a 
dimer {fc, fc -I- 1} occurs, 3fc, 3fc + 3 is replaced with 3k -|- 1, 3A: + 2: here, k = 1. The notion of 
renewal points is introduced in Def. [l] below. They correspond to starting points of rods, is 
exluded. 



give rise to different sets of y-momenta. whence the orthogonality of the various 
contributions in Eq. (jf 2p . The normalization becomes 

Tii,..,n£je{l,2}: 
ni + ..+nr>=N 

As a consequence, Cn satisfies the recurrence relation 

Cn ^ aiCN-i + a2CN-2 (16) 

with the initial conditions Cq :— 1, C\ — ai, whence Eq. ([8]). Eqs. ([72]) and (|15p 
lead to 

D 

with V{k}{z) = |'03fe(^)P and V{k,k+i}{z) = |^3/c-hi(^)P + |V'3fc+2(^)P- Changing 
the order of summation and combining with Eq. ([2]) gives Eq. ([9]). □ 
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Remarks. 1. From Eq. ([2|) wc sec that Cm is a monomcr-dimcr-partition function 
for a linear chain of length N . The recurrence relation ()16|) was already given in 

ED- 

2. Similar results hold for p ^ i and slightly different definitions of monomer 
and dimer functions. 

3. If we relax from the nearest neighbor overlapping condition ([7]), Lemma [1] 
still holds true provided we allow polymers of arbitrary length instead of only 
monomers and dimers. The normalization constants then satisfy a recurrence 
relation of infinite order. 

One last remark concerns the comparison with the torus wave functions 
introduced by Haldane and Rezayi jHRj . We can define the modified torus wave 
function <Pm by Eq- ®j replacing the functions (pk on the right-hand side by 
periodified functions 

oo oo 

4>k{z) -.^ ^ exp(i7iiV2/)(/)fc(z - 37Vn) = ^ <l>k+nN- 

n— — oo n— — oo 

If in Eq. ([5|) cf>k is defined with Gaussians /(.t) = exp(— a:^/2p) instead of a 
function with compact supports, the modified function <Pm is a Haldane-Rezayi 
torus function. When the nearest neighbor overlapping condition is satisfied, the 
torus function <1>n has an explicitly computable normalization and one-particle 
density. It is associated with a monomcr-dimcr system on a ring, with one long 
additional polymer covering the whole ring. In the limit of long tori, we recover 
the density of the cylinder modified function. Thus for the solvable model, one 
can check that torus and cylinder functions are equivalent. 

To summarize, we have seen how the representation ()12|) oi <Pn in terms of a 
"quantum monomer-dimer" system leads to simple formulas for the normaliza- 
tion constants and the one-particle density; the periodicity of the one-particle 
density in the thermodynamic limits stems from the translational invariance of 
the corresponding monomer-dimer system. 

In the next section, we will see that Laughlin's wave function admits a similar 
representation in terms of a polymer system, and the mechanism leading to a 
periodic one-particle density is essentially the same. However, the situation is 
complicated by the existence of polymers of arbitrary length and non- vanishing 
activity. 

3. Laughlin's cylinder function 

This section is devoted to the proof of the main results of this paper. In the 
first subsection, we prove general properties of Laughhn's function. We proceed 
with a polymer representation (Subsect. 13. 2p . leading to a recurrence relation 
of infinite order for the normalization constants. This relation is exploited in 
Subsect. 13. 31 where we prove an important technical result on the asymptotics of 
normalization constants. The existence of the thermodynamic limit of Laughlin's 
state and its periodicity are shown in Subsect. 13.41 Symmetry breaking and 
clustering properties are proved in Subsect. 13.51 

Throughout this section, we will assume that p is odd. However, most results 
hold for even p, with minor modifications (e.g., replacing wedge products with 
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symmetric tensor products). The multiplicative constant in the definition ([3]) of 
ifjv will be fixed as 

11 ^ A^-i 

j = Q 



3.1. Basic properties. Laughlin's wave function has a few number of simple, 
but important properties that we present in this subsection. They allow us to 
derive symmetries of Laughlin's state and to show that in the limit of infinitely 
many particles, Laughlin's state cannot give rise to a constant density. This 
holds regardless of the size of the radius, in contrast with the results proved in 
Subsects.[Sl]and[S31 

All properties rely on the expansion of tf'jv as a sum of wedge products of 
lowest Landau level basis functions 

i^k{z) := — =^==exp(ifc7?;)cxp(-i(a;-fc7)^), fc e Z. 

They form an orthonormal set in L^(M x [0, 27r7~^]). One basis function can be 
transformed into another by a shift in the axial direction: 

t{je^)i'k = t(jk+i (fc e z), 

where t{'je-^) is the magnetic translation 'ip{z) —^ exp(i7y)'0(z — 7). 

The expansion of ifjv can be obtained from the expansion of the p-th power of 
the Vandermonde determinant into monomials. Define coefficients aAr(m) and 
&Ar(m) by 

tf^AT = ^ ajv(mi, ..,TOjv)'0mi A .. A -(AmN (18) 

0<mi<..<miv ^pN—p 

n {zk~z,)P^ 6A'(mi,...,mjv)zr-^""- (W) 

l<j<k<N 0<mi....viK<pN-p 

A straight-forward computation then gives 

1 ^ 

ajv(mi, ..,TOjv) = 5jv(mi, .., toat) exp(-72 ^(m^ - p^(j - 1)^)). (20) 

i=i 

This equation allows us to translate properties of the p-th power of the Vander- 
monde determinant into properties of ^n- 

The power of the Vandermonde determinant ([TO]) is a homogeneous polyno- 
mial of total degree pN{N — l)/2. Therefore 'Fn has definite y-momentum 

^ d pN(N-l)j , , 

As a consequence, the one-particle density will be independent of the angular 
coordinate y. An additional symmetry comes from the "reversal invariance" jD] 
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IFGIL] bpfi'rni, .., rriN) = bj^lpN — p — rriN, ■■,pN — p — mi) : Laughlin's state is 
invariant with respect to a 180° rotation around the middle of the cylinder, 



s 



p(N-l)-i/2 



D.n'^N = ^N. (22) 



Here Sa refers to a "magnetic" rotation, i}{z) cxp{i2ay)ip{2a ~ z). Notice that 
Because of Eqs. ([T8|) and (|2T|) . the one-particle density can be expressed as: 

pN—p pN—p 

Pn{z) = {^lck)N\Mz)? (X (4cfc)ivexp(~(a:-fc7)2). (23) 

A;=0 fe=0 

(•)jv refers to expectation values in the state <f'Ar/||!f'Ar|| and c^, c^- are the 
fermionic creation and annihilation operators for the state ■i/'fc, e.g., c^/ = 
il^k A /. Notice that the expectation values [d^Cm), k m, vanish due to the 
y-invariance (|2ip . 

We are interested in limits of pm{z — p^N /2\^) as N ^ oo. Eq. (j23p shows 
that any limit point of the shifted density is a sum of Gaussians. The following 
lemma deduces several statements from this observation. 



Lemma 2. Let {nk)k£i be a sequence of numbers in [0, 1] that does not identi- 
cally vanish, and p(x) Z]feL-cx; '^fc|'0fc(2;)P- Then 

1. p(x) cannot be a constant. 

2. If p{x) is periodic, every period must be a multiple ofj. 

3. p{x) is periodic with period pj if and only if (uk) is periodic with period p. 

Proof, p — f*p is the convolution of the function f{x) := {2TTj~^y/7T)~^ cxp(— a;^) 
and the measure p = J2k£Z ''T-kSkj- With p and p we can associate tempered dis- 
tributions Tp and T^: 

Tp(j) := / p{x)(p{x)dx, Tp(j) / (jjdp. 

J -co JWL 

Their Fourier transforms (Tcj) := T4>) satisfy 

fp = V2^ffp, f{k) = ^ exp(-fcV4). (24) 

The product ff^ is the distribution {ff^)4> := f^{f(t)). It follows from Eq. ^ 
that the mapping p i—f f * p is injective. Therefore / and p must have the same 
periodicity. Since any period of p is obviously a multiple of 7, the same must be 
true for periods of p. This excludes a constant density, since constant functions 
admit periods that arc not multiples of 7. □ 

Notice that it is not completely trivial that the density cannot be constant. 
If instead of Gaussians we added up more general functions, we could obtain 
a constant. Examples include functions of compact support, sec the remark on 
p.m and log-concave functions, as was shown in }BLj . Sect. 1.4.3. 
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Observe also that there is a relationship not only between the periods of (rik) 
and p{x), but also between the amplitudes of oscillation. If p(x) is p7-periodic, 
the fc-th Fourier coefficients can be expressed in terms of occupation numbers: 

1 fP'' , , , 1 1 , 7r2fc2 27rfcj\ 

— / p(a:^)exp(-i )da;=-— exp( r-^) > exp(-i ). 

PI Jo PI P 27r p'^Y P 

This relation generalizes Poisson's summation formula, which shows that the 
Fourier coefficients of p{x) in the filled Landau level {p = 1 and rife = 1) are 
(2^)-iexp(-7r2fcV7')- 



3.2. Associated polymer system and renewal equation. In this subsection we show 
that Laughlin's wave function admits a representation as a sum over certain par- 
titions of {0, .., N — 1}, analogous to Lemma[T]for the solvable model. Instead of 
only monomers or dimers, the partition may contain longer polymers or "rods" 
X = + n — 1}. The normalization becomes a discrete polymer parti- 

tion function |GK| with translationally invariant activity and satisfies a discrete 
renewal equation, as explained at the end of this subsection. 

Let N{X) denote the cardinality or "length" of a rod X, and let Vn be the 
set of ordered partitions Xi, ..,Xd of {0, 1, .., — 1} into rods Xj. The following 
holds: 

Proposition 2 (Associated polymer system). There is a mapping associat- 
ing with each rod X an antisymmetric function ux of N{X) complex variables 
so that 

^N= ux,A..Auxo, (25) 

{Xi,..,Xd)£Vn 

Cjv II^JvlP = nXi)- ..--PiXD), <P{X)^\\ux\\^. (26) 

{Xu-,Xo)eVN 

The expansion for = 3 particles and p = 3 is explicitly written down 
in |JLS| . Eq. (10), up to a small difference: in [JLS| . the sum is over partitions 
of the set {—1, ...,3iV — 2} instead of {0, ...,N — 1}, and rods X have length 
\X\ = 3, 6, ... instead of \X\ = 1, 2, ... as is the case here. 

We will see that the family of "polymer functions" {ux) has two important 
additional properties. The first is a kind of localization: ux is a sum of wedge 
products of functions ipk with indices k in {pminX, ...,pmaxX — p}. The second 
property is translational covariance: 

Vj G Z, u,+x = t{jpje^f'"^'''>ux. (27) 

Thus the shift of a rod results in the magnetic translation of the corresponding 
function. This covariance is at the origin of p7-periodicity in Laughlin's state. 

Eq. (|26p says that the normalization Cn is a polymer partition function with 
activity 'l'{X). As a consequence of the covariance (P7|) . the activity is transla- 
tionally invariant, i.e., the activity of a rod depends on its length N(X) only: 
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we can define non-negative numbers (a„)„i=N bjQ 

<P{X)^\\ux\\^ ^a^ix)- (28) 

The numbers (a„) will appear as coefficients in a recurrence relation for the 
normalization Cat. 

The proof of the previous proposition makes crucial use of a product rule 
proved in [FGILj for the expansion coefficients bN(rn). It is more easily expressed 
with some auxiliary definitions. 

Definition 1. Let m = (mi, .., m^v) G with mi < .. < m^v- 

— m is N -admissible if 

k k 

> 5^P(J - 1) 

for all k e {1, N} with equality for k ~ N . 

— fc G {1, — 1} is a renewal point of m if 

k k 

i=i j=i 

— m is reducible if it admits a renewal point k g {1, ..^N — 1}, and irre- 
ducible in the opposite case. 

Note that A^-admissibility actually implies < TOi,..,mjv < pN ~ p. The re- 
ducibility of a sequence is most easily visualized with the help of the sequence 
of occupation numbers in Laughlins' state, see [JLSj . Sect. 4.1. 

There are various equivalent characterizations of A^-admissibility [FGIUlRHl 
IKTWj . In all of them, the so-called Tao-Thouless configuration [TT] 

:= (0,p,2p,..,piV-p) (29) 

plays the role of a reference configuration. In the proof of the next lemma, we 
will use the following: a vector m is A^-admissiblc if and only if it is majorized 
by rn^'^ , which is equivalent to the existence of a doubly stochastic matrix P 
such that 

m = Prri^'^, (30) 

see e.g. [HLP] . p. 49. 

This characterization allows us to visualize renewal points as block-diagonal 
matrices: If m is given by Eq, ([30]) for some block-diagonal, doubly stochastic 
matrix P that has an upper left fcx fc block, fc is a renewal point of m. Conversely, 
if fc is a renewal point of the A''-admissiblc vector m, every doubly stochastic 
matrix fulfilling Eq. ([50]) must be block-diagonal. 

By the Birkhoff-von Neumann theorem, a matrix is doubly stochastic if and 
only if it is a convex combination of permutation matrices. Interestingly, the 

* Here, we use that |[ • || refers to integration over the infinite cyhndcr R X [0,2777"'-'^]. On 
finite cyUnders, the activity is not completely translationally invariant due to boundary eff'ects, 
although Prop. [2] and the covariance I I27I I stay true. 
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only matrices that we shall need are equally weighted averages of permutation 
matrices, see Eq. (p4|) below. 

The following lemma contains fundamental properties of the expansion coef- 
ficients aAr(m): 

Lemma 3. Let m = (mi, .., m^v) with mi < .. < m^. 

1. Suppose aAr(mi, ..,tojv) 0. Then m is N -admissible. 

2. Suppose k G {1, ...,-/V} is a renewal point of m. Then: 

(a) m is N -admissible if and only if (mi, .., mfc) and (ruk — pk, mjy — pk) 
are k- resp. {N — k)- admissible. 

(b) The following product rule holds: 

aN{mi,..,mN) = afc(mi, ..,mk)aN-k{mk+i - pk, ..^tum - pk). (31) 
We will frequently write Eq. pT|) as 

aw(m) = aAr(mf ) = ak{m'l)aN^k{m^+i - pk) 
using the short-hands mj^ :~ {ma, ..,mi,) and [xi — b, ..,Xn — b) =: x — b. 

Proof. The previous lemma holds true if qn is replaced with the coefficients bN 
defined in Eq. (|19p . The corresponding statements for b^ have been proved in 
[FGILj ■ and the statements for qn niay be deduced with the help of Eq. (|20p . 

The proof given in [FGILj uses the polynomial character of the Vandermonde 
determinant. However, in view of the results on the solvable model (Sect. [2]), 
we should like to stress the importance of the fact that we have the power of a 
determinant. Therefore we give a new proof. For the sake of simplicity, we take 
p = 3; the proof for other values of p is similar. 

1. Expanding the right-hand side of 

we find 

bN{mi,..,mN) = ^ sgn(7r(TT), (33) 

m— 7r-f CT-f r — 3 

where the short-hand Tn = 7r + (T + T — 3in the subscript stands for 

Vj e {1, ..,N} : m, = 7r(j) + + r(j) - 3. 

Now suppose bni'm) ^ 0. Then there exist permutations i:,a,T adding up to 
m in the sense of the previous equation. In terms of the associated permutation 
matrices, 

m = PmTT, p= l(p^+p^ + p^) (34) 

where rri^"^ is as in Eq. with p = 'i. P is doubly stochastic and therefore 
m is A^-admissible. Since by Eq. (|20p ONini) 7^ if and only if bN{m) 7^ 0, the 
first statement of the lemma follows. 
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2. Let m — (mi, ...,tojv) with toi < .. < rrifq. and let A: be a renewal point 
of m. 2. (a) is proven in [KTWj . For 2.(b)^ suppose 7r,(T,T are permutations 
such that Eq. ([51)1 holds. Then the matrix P from this equation must be block- 
diagonal with an upper left k x k block. This means that tt, a, r must leave 
{1, .., k} and {k + 1, .., TV} invariant. As a consequence, the sum ([33]) factorizes 
into two sums 

&A.(m) = ( Y! sgn(^'a'r'))( Y." sgn(^V"r") 

n' ,(t' .t' 7v" ,(t" .t" 

The first sum is over permutations of {1, .., A:} such that 

= tt' + <t' + r' - 3, 

and equals bk{nii, .., mk). The second sum is over permutations of {k + 1, .., N} 
such that 

mf+i = tt" + a" + t" - 3. 

Rewriting this equation with permutations of {l,..,iV — A:} instead of {fc + 
1, .., A^}, one finds that the second sum equals bis!-k{rn^^-^ — 3k). The product 
rule thus holds for b]\[(rn). A straight-forward computation on the exponential 
factor in ((20|) allows us to conclude that aAr(m) satisfies the product rule too. 
□ 

Now we are able to prove Prop. [51 



Proof of Prop. \M In the expansion ([T8[l . we group together admissible m's that 
have the same set of renewal points ri < .. < r/^. The product rule pip gives 



aAr(m)'0mi A .. A '0 

= (^ari(m^')'0mi A .. Ai/'7ri,j) A (^ar2-rlimll_^_-^ - pri)ipmr^+i A .. A V'rn,^) 

A .. A (aN-roimrD+i - prD)fpm^^+i A .. A (35) 

The renewal points split m into D + 1 irreducible blocks. This motivates the 
definition of polymer functions ux as sums over irreducible sequences: 



^{a,..,a+n— 1} 



A .. A ll^m^+pa- (36) 



m n— admissible 
and irreducible 



These functions fulfill the covariance ([27[l . Combining the expansion (|18|1 and 
Eq. ([35[) . we obtain 



= X/ X/ '^{0,..,ri-l} A U{ri,..,r2-1} ^ •• ^ "{ri,,..,Ar-l}, 

D=0 0<ri<..<rD<Af 

which concludes the proof. □ 
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The results presented in this article rely heavily on the relationship of and 
polymer systems presented in Prop. [21 Let us recall some basic facts on polymer 
systems with translationally invariant activity supported by rods {j, .., j+n — 1} 
and the link to renewal equations. In view of Eq. ((28l) . the expression (l26l) for 
the polymer partition function Cm becomes 

Cn ^ ^ a„i...a„^. (37) 

-D,ni....nDeN: 
ni + ..+no=N 

It follows that Cn+m ^ CmCm- This supermultiplicativity is a general property 
of polymer partition functions, see |GKj . As a consequence, we can define 

— Inr sup — InC^r = lim — InCjv, (38) 

where we use the convention — InO = oo. The left-hand side — In r is the pressure 
of the polymer system; note that r is the radius of convergence of the power series 
C'ni". If we suppose in addition that there exists some (, > such that the 
rescaled activity 5^<^ : X ^^(^)<?(X) is stable, i.e., 

VfceZ: 5:^^^^<cx., (39) 

the pressure — Inr is finite. This follows from general theorems [GK| but can 
be shown here using a particularly simple argument: the stability condition (|39p 
is equivalent to X]n?"Q;" < It is fulfilled for some ^ > if and only if the 
power series a^f" has a nonvanishing radius of convergence. On the other 
hand, Eq. ([37)) leads to the formal power series identity 



C(t) = l + ^C„t"= ^ „. =^^- (40) 

ji=i 



Therefore, if a{t) has a positive radius of convergence, so has J^n ^nt", whence 
r > and — In r < oo . 

The type of polymer systems envisaged here bears an interesting connection 
to renewal theory, as observed by jIVZj (see [Felj for an account on renewal 
theory). The formal power series identity (|40p is equivalent to the recurrence 
relation 

VneN: C„ = aiC„_i + ... + «„, Co := 1. (41) 

This recurrence relation is known in stochastics as a (discrete) renewal equation. 
If we interpret Z as a discrete time axis and starting points of rods as events, the 
activity (a„) is related to a probability distribution on waiting times between 
events, and C„ is related to the probability that an event occurs (i.e., that n is 
a renewal point). More precisely, we suppose that r > and set p„ :— r^oin and 
Un '■= r'^Cn- Suppose that the sequence of activities is aperiodic, i.e., 

gcd{n e N I a„ > 0} = 1. (42) 



Then one of the following cases necessarily holds: 
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1. (pn) defines a probability measure on N with finite mean fi. In this case 
Un = r"Cn —> fjL~^ > 0. (The associated renewal process is positive recurrent.) 

2. (pn) defines a probability measure on N with infinite mean ^ = oo. Then 
u„ = r^Cn (but Un — oo). (The renewal process is null recurrent.) 

3. {pn) defines a defective measure on N (i.e., X^nP" < Then X^n = 
(1 — X^nP")^^ ^ whence m„ 0. (The renewal process is transient.) 

See |Fel| for a proof. We will refer to the first case as a renewal process with finite 
mean. Thus in any case, r^Cn — ^ 9 > 0, but g > if and only if the associated 
renewal process has finite mean. 



3.3. Large N -asymptotics of normalization constants. In this subsection, we ex- 
ploit the relation of sI'n with polymer systems and renewal equation to investigate 
the asymptotics of the normalization constant Cn = W^nW^- The result comes 
in two parts: first, for all values of the radius, there exist a r > and q > such 
that C-Nr'^ ^ 9 > (LemmaS}. Second, for sufficiently large 7 (thin cylinders), 
q is strictly positive (Theorem [T]). Thus the associated polymer system, suitably 
rescaled, has a stable activity in the sense of Eq. ([35]), and on sufficiently thin 
cylinders, the associated renewal process has finite mean. 

In addition, we give lower and upper bounds on r that are interesting in the 
context of Laughlin's plasma analogy. Our bounds are consistent with results 
by [For] on the free energy of a jellium system placed on a cylinder with large 
radius. 

Lemma 4. Let p G N and 7 > 0. There exist r > and q > such that 
— In r = lim — In Cjv — sup — In Cn , q = linr C„r" . 

N~too N N N n-+oo 

Moreover, r satisfies the bound 

(e^ Y: exp(-^(n? + .. + n^)))"'<r/-?(-^)i-^<l. (43) 

Til,.-, rapes: V 
ni + .. + iip = 

Proof. We know already that — Inr = lim„ logCn exists, see ([38]). The strict 
positivity of r will follow from Ineq. ([^5]) . The observation of the previous sub- 
section yields the existence oi q = lim„ C„r"; note that ai ~ ||V'o|P = 1 so that 
the sequence of activities (a„) fulfills the aperiodicity condition ([42]) . 

Thus it remains to prove Ineq. ([15]) . The idea is to use the representation ([3]) of 
S'jv as the p-th power of a determinant times 1 / \/NI and to give lower and upper 
bounds on Cn using Holder's and Hadamard's inequalities. These inequalities 
have already been used in |FGIL] . Sect. 3.3., to derive bounds on the free energy 
of jellium on a sphere. We start with the application of Hadamard's inequality, 
which gives 

N N~l 

|>Z'^(zi,..,ZAr)P<^n(El^^(^^-)P)'- 
" j = l fc=0 
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It follows that 



The integral from — oo to —p^ /2 and fr'om [N — l/2)p7 to cx3 can be bounded by 
an A'^-indepcndcnt constant. The integral fr'oni to {N — l/2)p7 is bounded 

from above by 

TfixYdx, J{x):= £ exp(-i^^^). (44) 

Representing / as a Fourier series via Poisson's summation formula, we find that 
the first expression in ([44|) equals Nb{j) with 

' ni...,npGZ: 
ni + ..+np=0 

Thus we get Cjv < {Nb{j) + c)^ /N\, from which the lower bound on r is easily 
obtained. 

Now we turn to a lower bound for C^. With Holder's inequality written as 

> \nr' I / 51 

applied to the domain of integration {[-~p"f /2,{N — \/2)p^] x [0, 27r7~^])^, we 
find 

-N , 



ATI J 1 iV — ± 

c„ >_ i^r^" n (1 



fc=0 



where e„i = [erfc(mY^7)]/2 and erfc is the complementary error function. The 
product over k does not contribute to hm A^"-^ log Cat. Making use of Stirling's 
formula, we obtain the desired upper bound to r. □ 

Remark. The bounds (|43p lead to a statement on the thick cylinder asymptotics 
of r: r = 0(7^""'^) as 7 — > 0. This complements the thin cylinder (7 —^ 00) 
asymptotics given in Eq. (^5]) below. 

Lemma |4] leaves open the question whether q > or q ^ 0, i.e., whether the 
associated renewal process has finite or infinite mean. In order to answer this 
question, it is useful to have a closer look at the activity (a„). 

Lemma 5 (7-dependence of the activity). Monomers have activity ai — 1. 
The activity of a polymer of length N > 2 is a polynomial of exp(— 7^) with 
minimal degree p{N — 1) and coefficient in Nq. In particular, 

ajv = (J I (cxp(— 7 )) I as 7 — > 00. 

Hence, in the thin cylinder limit, only monomers have a non-vanishing activity. 
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Proof. The monomer functions are u^^-j^z) — Tppk{z), whence ai ~ 1. Combining 
Eqs. ([201) and ([361), we find 

a^^= l&A^MP(e-'^')^"-(P'(^-^^'-'"?^ (45) 

m irreducible 

By Eq. ([BS]) . the expansion coefficients bN{m) are sums of signs of permutations 
and therefore integers. The proof of the lemma is concluded by the following 
observation: if nii < ... < is A^-admissible and irreducible, 

N 

J2{p\3-lf-m^^)>p{N-l). (46) 

Due to A^-admissibility, we can write rrij — p{j — 1) + i^j — Vj-i with i^o = vn = 
and vi,.., vn-i > (see also |FGIL| . Property 3). Vk is just X)j=i["^j ^^(j ~ 1)]- 
Because of irreducibility. vi, ..,Uk must be strictly positive. In the left-hand side 
of (|46p. we insert the expression of rrij in terms of Vk and perform a summation 
by parts, and obtain Ineq. ([46|) . □ 

Now recall that q > if and only if Q^n''" — 1 and ^ r7,Q:„r" < oo. The 
crucial observation is that these two conditions are automatically fulfilled when 
the generating series of (a„) has a radius of convergence Ra strictly larger than 
the radius of convergence r of the power series with coefficients (C„). Therefore 
we are going to compare domains of convergence. 

For a monomer system with ai = 1 (and = for n > 2), the quantities 
are trivial to compute: 

C„ = l, r=l, Ra = oo, q=l. (47) 

We will show that on sufficiently thin cylinders, the quantities r, Ra, q take values 
close to the monomer values (|47)) . For this purpose it is useful to keep track of the 
7-dependence in the notation. By Lemma [5] and Eq. (|37p . the activity and the 
normalization constants are polynomials of e with coefficients in N. Therefore 
we write an{e~^ ), C„(e~''' ). The power series 

C(t, e-T') := 1 + 51 C'„(e-^')t", A{t, e"^') := t + ^ a„(e-T') 



are actually power series of two variables, t and u = e . They have non- 
negative integer coefficients and are related through 

C{t,u) ^ 



l-A{t,uy 



see Eq. (PO)) . The curves r = r{u) and Ra = Ra{u) delimit the domains of 
convergence of C{t, u) and A{t, u), see Fig. [3l 

The following theorem states that the curve r{u) stays strictly below R{u), 
at least for small u (large 7), and r{u) and q{u) converge to the monomer values 
r = q = 1 in the limit of thin cylinders (u — *■ 0) . 
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e-'^i 1 



Fig. 3. Domains of convergence of A{t, u) and C(t, u) for p > 2. The curve R(u) delimits the 
domain of convergence of A, r{u) the domain of convergence of C. Both series diverge when 
u > 1. We know that r(u) = 1 + 0{u) and R(u) > const ■ u~P as li — > 0. When u < exp(— 7^), 
r{u) < R{u). It is an open question whether the curves r and R touch for some u = exp(— 7^) 
strictly below 1. 

Theorem 1. Letp > 2 be fixed. Let r, q be such that r^C^ q as in Lemma^ 
The following holds: 

1. There exists a 7p > such that for "f > jp, r < Ra. 

2. The functions ]^p, 00 [9 7 1-^ r, g are analytic and strictly positive. As 7 — > 00, 

r = 1 +0(e-'''), q=l + 0{e~^'). (48) 
Proof. 1. Let < u < u < 1. By Lemma [SJ 

an{u) = V &™„ii™ < (-)f ("-!)«„(«) 

Z 1 y 

m>p(n— 1) 

with suitable non- negative integers It follows that Ra{u) > Ra{v). 
We fix 1) and let u — > 0. Since Ra{v) > r{v) > 0, we obtain that Ra{u) goes to 
infinity when u ^ 0, as expected from Eq. (|47p . On the other hand, we know 
that Cn > Oif = 1, hence r{u) < 1. Thus for sufficiently small u = exp(— 7^), 
r(u) < 1< i?a(u)- 

2. The positivity of r was proved in Lemma 21 The positivity of g is a con- 
sequence of r < Ra. Now, notice that the power series A{t,u) defines a holo- 
morphic function of two complex variables in the domain \t\ < Ra{\u\). For 
< u < exp(— 7p), r{u) is the unique solution of 

A{r{u),u) = 1. 

By Lemma [51 A(t, 0) = t. Thus the thin cylinder limit corresponds to the point 
(r(0),0) = (1,0). We can apply an implicit function theorem for holomorphic 
functions to obtain the analyticity of r. The analyticity of q follows from 



q{u)^(^{dtA){riu),u)) 



(49) 



Symmetry breaking in Laughlin's state on a cylinder 



23 



Both r{u) and q(u) can be extended to holomorphic functions in a complex 
neighborhood of w = and take the value 1 at 0, whence Eq. ([48|) . □ 

Theorem[T]is the central technical result of the present work, as all our results 
on the one particle density will rely on the condition g > 0. 

3.4- Thermodynamic limits of correlation functions and symmetries. In this sub- 
section, we show that Laughlin's state has a unique thermodynamic limit (The- 
orem [2]) and show that the limiting state is periodic in the axial direction, with 
P7 as one of its periods. The proof that pj is actually the smallest period is 
deferred to the next subsection. 

The results presented here hold provided limr"C,i = q > 0, i.e., the associated 
renewal process has finite mean. From the previous subsection, we know that 
this condition is indeed fulfilled on sufficiently thin cylinders. 

In the following, A is the C*-algebra generated by the fermionic creation and 
annihilation operators c*{f),c{g), with f,g G L^(M x [0, 27r/7]). The operators 
associated with the lowest Landau level basis state ipk are denoted c^, c^. 

Theorem 2 (Existence of the thermodynamic Umit). Suppose r^'^Cn — ^ 
q > 0. There is a state (•) such that for every sequence of integers (oat) such 
that gn oo and N + on — *■ oo, the states associated with the shifted Laughlin 
functions ~ t{aNPje^)^^^N converge to (•); for all a G A, 

{a)N = -^{^N,a^N) (a). (50) 

Proof Fori = {ii < .. < 4} C Z, let cl := and := (cl)*. It is enough 

to prove the convergence ([50)) for operators a = c*^,cl with \L'\ = \L\. The key 
idea of the proof is to show a formula similar to the one given in Prop. [T] for the 
solvable model, and then to use the asymptotics of the normalization constants, 
just as we did in the proof of Corollary [TJ Let := N + un- We will see that 
{c\,cl)n can be written as 

{w)n = Y.I1 'cJ''''' fniL'^PJ,L~pj) (51) 

ri=l j=aN 

for a suitable A'^-independent family of functions {fn)neN- We use the notation 

L-pj = {h, ir} - pj = {h - pj, -Jr- pj}- 

The /„'s have finite support, 

/„(L',L)^0 => LUL' C{0,..,pn~p}, (52) 

and non-negative "diagonal" values: 

VicZ: /„(L,L)>0. 

For fixed j and n, Cj^aN^bN-j-nlCN ^ qr^^ due to CNr^ q > 0. Thus 
formally, the right-hand side of Eq. (|5ip converges to 



oo oo 

(c2,Ci) = ^gr" fn{L' -p3,L-pj), 



(53) 
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provided the series converges. 

We prove the theorem in three steps. First, we define the auxihary functions 
/„ and prove the representation (j51[) of the correlation functions. Second, we 
look at "diagonal" correlation functions {L' = L) and show that the series (|53p 
is bounded and equals the limit of correlation functions: 

{cIcl) < 1, lim {cIcl)n = {eld)- 

As a last step, we turn to off-diagonal values {L' ^ L). We prove that the 
series (|53|) is absolutely convergent: 

J2qr^\UL'~pj,L^pj)\ < {clcj^fl^cl.ci^.fl^ < 1 (54) 

and show that {c\,cl)n {c*l'Cl)- Note that once we know that Eq. ([53|) de- 
fines a state on A, the inequality (j54p with absolute value bars outside the sum 
is just Cauchy-Schwarz for the state (•). 

1. Representation of correlation functions. Let L' , L C Z with \L'\ = \L\. We 
start with the representation 

{^n,c*]^'Cl9n) ^ ^ aAr(m')aw(m)('(/'m;A..AV'm^,Ci/CL-(/'miA..A-0m„). (55) 

The sum ranges over A^-admissible sequences m,m' . Suppose m and m' have 
common renewal points s, t such that L U L' C {ps, .., pi — p}. Then 

= n 57nj,ni'^\as{m\)\'^\aN-t{mt+i-pt)? 

j&{l,..,s}\j{t,..,N} 

■ at-s(m'*+i ~ps)at_s(m*+i - ps) 

■ {'^m'^^^ A .. A '(/'„ij,c^/CL7/i™^^i A .. A (56) 

Let be the set of pairs (m, m') such that 

1. m, m' are both TV-admissible; 

2. m and m' have no common renewal point s below or above p^^{L U L'). 

By "s is below p^^{L U L')" we mean LU L' C {0, ..,ps — p}, and we say "s is 
above p^^{LU L')" when LU L' C {ps, ..,pn — p}. The set consists of the 
pairs (m, m') for which no simplification of the type ([55)1 is possible. 

fpf(L',L) is defined by the sum (j55p . except that the summation includes 
only {m,m') from A4. With this definition, combining ([55]) and ([55)1 we obtain 

(ED. 

^. "Diagonal" correlation functions. For L = L' , the definition of /„ gives 
fN{L,L) = ^ |aAr(m)|2 

m 
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where the sum ranges over iV-admissible sequences that are i-irreducible. In 
particular, /Ar(i, L) > 0. Moreover, if fN{L, L) ^ 0, there exists an A^-admissible 
sequence m such that L C {ttii, .., ti^v}, whence L C {0, -.jpN — p}. 
Let deN. From ^ and /„(L, L) > we get 

d bN ~j~ n „ „ 
J2 ^ C,^a.U^-,-n ^^^^ ^ _ ^ ^^^^ ^ ^ (57^ 

n=l j=ajv 

If fn{L — pj, L — pj) we must have L — pjC {0, ..,pn — p}, thus only a finite, 
iV-independent number of j's contribute to the sum and we can take the limit 
— > oo. which gives 

d oo 
n—1 j — — oD 

Letting d oo, we obtain the bound (c'^cl) < 1. The proof of {c'^cl)^ (clCl) 
is then completed by an e/3 argument. We leave the details to the reader and 
mention only a useful inequality on quotients of normalization constants. Using 
the supermultiplicativity of (Cjv), < C„r" < 1 and C„r" — > g > 0, we get 
inf„ r"C„ =: c > and 

Cjv - Cn ~ cr-N c ' 

3. "Off- diagonal" correlation functions (L ^ L' ). The procedure is similar to 
step 2. but the analogue of the bound (l57|) is slightly more delicate to obtain. 
Let deN. Then 

d fciv-n „ „ 
n=l j=aiv 

-/V 6 w- " ^ ^ 
Ti=l j=ajv 

^ ^N^ E |aAf("^')ajv("l)(V'm'^ A .. A V'mjviC^'CLV'mi A .. A V'm„)| 

^C'w^ E \aNiL'UK)aNiLUK)\ 

KCZ, lifl^Af-ILI 

< C^'iT. \aN{L' U K)\Y'{Y: Wn{L U K)\Y" 

K K 
= {c*L'CL')N^{clcL)]i^ < 1. 

The notation a^^L U K) refers to the amplitude of the increasing sequence 
obtained by rearranging the elements of L U K. Letting first N and then d go to 
infinity, we obtain the bound (|54p . The convergence {c\,cl)i^ — s- {c\,cl) can be 
shown with an e/3 argument. □ 
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Remark. The representation (|53p of correlation functions does not lend itself to 
a simple interpretation. However, it leads to a very nice formula for the one 
particle density. Let fik ■= c^Ck be the number operator for the lowest Landau 
level state V'fc- The quantity /ri({fc}, {fc}) equals {uxo^nkUXo) with the polymer 
Xq = {0, ..^pn — p]. Therefore Eq. ([53|) may be rewritten as 

X 

with {X) = qajsK^x)''''^'"^^ and vx{k) ~ {ux jfikUx) /WuxW^ ■ The sum is over 
all polymers X ~ {j, j + n — 1}, G Z, n e N. This formula has an intuitive 
probabilistic interpretation: vx{k) is the probability of finding a particle in the 
"site" k, given that k is contained in the polymer X (or. strictly speaking, in 
{pminX, ...,pma.xX}), which happens with probability 

Together with a similar formula for two-point correlations {hkfij), Eq. (j58p 
will serve as a useful guide in Sect. 13.51 when we investigate clustering properties. 

Now let us turn to the symmetries of Laughlin's state. Let Tx be the auto- 
morphism of the algebra A associated with the magnetic translation t{jex). Let 
Ty be the morphism associated with the translation t{aey) in the y-direction, 
and Tg the morphism induced by the reversal {so'ip)(z) = z). 

Proposition 3 (Symmetries). The state uj{-) ~ (•) of the previous theorem is 
invariant with respect to reversal, translations in the x-direction by multiples of 
P7, and arbitrary translations in the y-direction: 

Vn G Z, Va e M ; uj = oj o t, = uj o t^p = uj o . 

Proof. The invariance with respect to y-translations is a direct consequence of 
the fact that ifjv has a definite y- momentum, sec Eq. (f2T|) . The reversal invar ianc e 
follows from the invariance for finitely many particles ([22]) . see also ;:swk]. 
The periodicity with respect to magnetic translations in the direction along the 
cylinder follows from the representation (|53p of correlation functions. □ 

Theorem [2] and Prop. [3] lead to a simple corollary on the one-particle density: 

Corollary 2. Let Pn{z) be the one-particle density of Laughlin's state W^. Un- 
der the assumptions of Theorem\^ the shifted density converges pointwise to the 
one-particle density p{z) of the limiting state {■): 

oo 

lim px{z~p[N/2\^)^p{z), p(z)= ^ (nfe)|^fe(z)|2. (59) 

fc— — oo 

The density is independent of the coordinate y ~ Im z around the cylinder. The 
density as well as the occupation numbers are periodic and reversal invariant: 

pix + p-y) = p{x), (fik+p) = {fik), 
p{-x)^p{x), (n_fe) = (rifc). 

^ The notation refers to polymer correlation functions as defined in |GK) . Later, wc shall 
use not only {X) but also p^{X,Y), see p. 1281 
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Note that wcak*-convergence of the state {■)n is replaced with pointwise con- 
vergence of the one-particle density. This uses the representation of the density 
as a sum of Gaussians with occupation numbers as coefficients as in Eq. (|23p . 
Due to the good localization of the Gaussians, summation and limits can be 
interchanged, whence Eq. ([59|) . 



3. 5. Symmetry breaking and clustering. This subsection contains the second part 
of the main results of this paper: Theorem [3] shows that on sufficiently thin 
cylinders, p7 is actually the smallest period of the limiting state (•) as well as 
the one-particle density p of the previous subsection. Thus the state (•) has a 
larger minimal period than the Hamiltonian describing interacting electrons in a 
magnetic field, whose ground states it is supposed to approximate. In this sense, 
there is symmetry breaking. 

In addition, we prove that the state (•) is mixing with respect to magnetic 
translations in the direction of the cylinder axis (Theorem |4]) . 

Theorem 3 (Symmetry breaking). Suppose Cnr" — *■ g > 0. Let p{x) he the 
infinite cylinder density from Cor. [H Then on sufficiently thin cylinders, p"f is 
the smallest period of p{x). 

Proof. Due to Eq. (j59|) and Lemma [21 it is enough to look at the occupation 
numbers. We will show that 



Thus for sufficiently large 7, the sequence of occupation numbers has p as the 
smallest period and pj is the smallest period of the one-particle density. 

The idea behind ([50)) is that the thin cylinder limit is at the same time a 
monomer limit, see Lemma [5] and p. 1221 The wave function corresponding to a 
pure monomer system, for N particles, is 



In the limit N — > 00, the corresponding monomer occupation numbers (n.fc)mon 
equal 1 if fc is a multiple of p, and otherwise. 

Eq. (j60p now is a consequence of the following observation: the occupation 
numbers {fik) are functions of w = exp(— 7^) that can be extended to holomorphic 
functions of f in a complex neighborhood of the monomer point v = 0. This can 
be shown with the representation 




(60) 



U{o} A A .. A W{iv-i} = V^o A ?Ap A .. A ippN-p- 



(61) 



00 



00 



00 




see Eq. (j53|) . gn{k) is a polynomial of exp(— 7^), and q and r are analytic functions 
of cxp(— 7^). We can adapt the procedure used in the proof of Theorem [1] and 
deduce the analyticity of {hk) for small u. □ 
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Remarks. 1. The monomer state (|6ip is the Tao-Thoulcss state, corresponding to 
the reference configuration rri^"^ on p.[T5l The fact that Laughhn's wave function 
for a fixed, finite number of particles on very thin cylinders approaches the Tao- 
Thouless state has been observed by Rczayi and Haldane [RH| . The novelty here 
is twofold: first, the limits N ^ oo and 7 — > oo can be interchanged; second, the 
periodicity survives for small but non-vanishing cylinder radius. 

2. If we assimilate orbitals i/'fc with lattice sites k G Z, the restriction of the 
state uj to the algebra generated by the number operators hk can be described by 
a probability distribution P on particle configurations on Z. Adapting techniques 
from [AMll AGL] . one can show that the probability measures corresponding to 
UJ and the shifted states u}otx,..,(jJotP~^ are mutually singular. This result holds 
provided r"C„ q > and the second moment J2n n^ctnf" is finite. Again, this 
condition is fulfilled when 7 is large enough. As a consequence, the p quantum- 
mechanical states ..,Lo o tP~^ are not only distinct, but also orthogonal in the 
sense of [BR], Def. 4.1.20. 

Now we come to clustering properties. Before we state our result in its general 
form, let us have a look at two-point correlations {fikni), where hk = c*j,Ck is 
the number operator for the state ipk- In the spirit of the remark on p. I26|, 
(hkhi) may be interpreted as the probability of finding a particle in the site 
k and another particle in the site I. In fact, we have a formula analogous to 
Eq. ([SS]) for the one-particle density. Define p^{X) and vx{k) as on p. [26l Let 
vx{kj) := {ux,hkhiux)/\\ux\\'^ and 

where X is to the left hand side of Y, separated from Y by the distance 

d{X,Y) := mmY - maxX - 1 > 0. 

vxik,l) is the probability of finding particles in the sites k and I given that k 
and I are contained in [p min X , p max X] , while p^{X,Y) is the probability of 
finding the rods X and Y. 

Suppose that k < I. Then the diagonal two-point correlation equals 

{hkhi) = ^ /(X, Y)vx{k)vY{l) + ^ p''{X)vx{k.l). (62) 

X<Y X 

Again, this formula has an intuitive probabilistic interpretation. The two sums 
correspond to the two different situations that k and / are contained in two 
distinct polymers (first sum) or in the same polymer (second sum). 

When k and / are far apart, the probability that they are in the same polymer 
is small. On the other hand, when X and Y are far apart, we may write 

p^{X,Y) ^ <zr^(^)a^(x)9r^(^'a^(r) - /(^)/(>^). 

Therefore we expect that (hkhi) is approximately the same as {hk){hi) when 
k and / are far apart: Laughlin's state inherits clustering properties from the 
polymer correlations p^ . 
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Theorem 4 (Clustering). Suppose r"C„ ^ > 0. Then the state (•) of The- 
orem\^ is mixing with respect to the shifts t"^, n G Z; 

ya,beA: lim (a rP"(&)) = (a)(6). (63) 

n — ^oo 

Proof. We use the notation from the proof of Theorem[2l It is enough to check (j63| 
for operators a = c'^iCl, b = c*j^,ck with L,L' ,K,K' C Z. Because of particle 
number conservation and y-invariance, the only interesting case is 

|L| = |L'|, \K\ = \K'l (64) 

keK'UL' keKUL 

In the following we will assume that ((64|) holds and show that (ah) — (a) (b) is 
small when LU L' is far to the left of ii' U K' . The main idea is to generalize the 
formula ([5^ for two-point correlations. We will see that 

{cI,clc*k,ck) =F + G 

F=Y1 9-"^^^^+"'^^Vx(i',L)Q(;,,^)rW;^(j^',^) 

x<Y (65) 

X 

where d{X,Y) = miny — maxX — 1 and the functions fx, gx will be defined 
later. Similarly, 

{cI,cl){c*j,,ck) = ^<z2r^(^)+^(^)/x(i',i^).fy(i^',if). (66) 

X,Y 

The theorem is proved by making the following arguments precise: Suppose 
LU L' and K U K' are far away. Then, intuitively, the main contributions to F 
in ([65|) come from polymers X,Y separated by a large distance d{X,Y). Since 
r^'^Cn q, we expect that F is close to the riglithand side of Eq. ((66|) . The second 
contribution, G, in Eq. ([S5)) will be bounded by the probability for finding a long 
polymer, which is small. Thus 

{cl'CLC*,i,CK) ~ Ffn {cI,cl){ck-ck)- 

Now we define fx and gx, and prove Eqs. ([65|) and ([66|) . The argument 
resembles step 1. in the proof of Theorem [21 therefore we shall only give the key 
elements. Let A4' be the set of pairs (m, m') such that: 

1. m and m' are A^-admissible. 

2. m and m' have no common renewal point s 

(a) below or above p-^{L U L' U K U K'), 

(b) between p-\L U L') and p-'^{K U K'). 

We say that "s is between p^^iL U L') and p^^(A' U K')" if LUL' is contained 
in {0, ..,ps — p} and ifUif' in {ps, ..,pN — p}. The set M' is a subset of the set 
M introduced on p. [24] for the definition of f^. Let 

gNiL',L;K\K) 

Y aN{rn')aNirn){'llj„i'^ A .. Ail,n'^,cl,CLC*ii,CK'4'rni /\ ■■ /\'lprnN)- 
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{pmiiiX,..,pmaxX} {pminY, ..,pm&xY} 
^ ^ ^ 

LUL' KUK' 



b pd{X,Y) c 
< pM 



Fig. 4. Visualization of Ineqs. 1691 1 and I I70I I. If L U L' is contained in [p min X, p max X] and 
K U K' is contained in [p min y, p max V] , and if the distance d between LU L' and K U K' is 
large but the distance d{X, Y) between X and Y is small, b or c must be large. 



The product rule from Lemma [3] gives 

fN{L'UK\LUK) 

= ML',L)C,-,fN-j{K'~pj,K~pj)+gN{L',L;K',K). (67) 

0<i<j<N 

For X = {j', .., j + VV — 1}, it is convenient to define 

fxiL',L)^ fNiL' ^pj,L-pj), 
gx {L', L; R" , K) = g^iL' - pj, L-pj-K'- pj, K - pj). 

Eqs. ([55)1 and ([55)1 hold with these definitions of fx, gx, as can be seen with 
Eqs. (P I and H ^ . 

Next, we estimate F — {c*^,cl){c*j^iCk)- In view of Eqs. ((65)) and ([66]) . this 
difference is a sum over polymers X, Y: 

^ ,.A^(^)+^(>')/^(i',L)(Q(;,,^)rTO - (68) 

with the convention Cn ~ for n < 0. We split the sum in two parts. First, 
suppose that X is far to the left of Y, i.e., d{X, Y) > M for some fixed M £ N. 
The sum over such {X, Y) is bounded by 

sup |l-g-V"C„|(^gr^W|/x(i',L)|)(5:gr"(^)|,/y(i^',i^)|) 

< sup |l-g-ir"C„| 0, 

n>M M^oo 

where we have used Incq. ([54]). Second, suppose that X,Y d'L satisfy d{X, Y) < 
M and fx{L', L)fY{K', K) ^ 0. Then X or F must be a long polymer, see Fig.H 
More precisely, can be used to show that 

p(maxX + 1) - maxL U L' > {d-pM)/2. (69) 



or 

min(A' U /\ ') - p min Y > {d ~ pM)/2 (70) 
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L' = {1} K' = {8} 

[o©o » oo » oeoo (9] 

3 6 9 

[© o o] ( • o o] [ • o o] [© o e} 

L = {0} A- = {9} 

Fig. 5. Evaluation of G in order to estimate (c^CgCocg) (p = 3): the sequences m',m give 
a non-vanishing contribution to 34{{1}, {8}; {0}, {9}). The vector m' has larger partial sums 
and no renewal points. Each polymer X contributes N{X) particles (filled circles) localized in 
the discrete volume {3minX, .., 3maxX + 2} (boxes). 



m' = (1,3,6,8) 
no renewal point 
X[ = {0,1,2,3} 

m= (0,3,6,9) 
renewal points 1,2,3 
X, = {0}, X^ = {1}, 
X, = {2}, Xi = {3} 



must hold. The sum ([68|) over pairs X, Y such that X satisfies Incq. (|69p is 
bounded by 

X X 

where the prime at the sum refers to the constraint (|69p . By a procedure similar 
to step 3. of the proof of Theorem [21 one can show that 

\Y^ciT^i^)S^{L\V)\<q J2 nr-a^. 

X n>{d-pM)/2p 

The right-hand side represents the probability that a given point is in a polymer 
of length greater or equal to {d — pAI)/2p. The sum over pairs {X, Y) such 
that Y satisfies Ineq. (j70p can be treated in a similar way. In the end, we obtain 

|F-(a)(6)| < sup |l-g-V"C„|+2(l + g) ^ nr"a„. (71) 

"-^^ n>{d-pM)/2p 

Choosing M of the order of d/2p, we see that \F — {a){b) \ goes to as c? goes to 
infinity. 

It remains to give a bound on G. The idea is to have a closer look at the 
definition of g„ and to show that if m, m' give a non- vanishing contribution to 
the sum, at least one of the vectors has no renewal point between p~^{L U L') 
and p~^{KLl K'), see Fig. [5l This is stronger than the original requirement that 
m and m' have no common renewal point between p~^{L\JL') and p~^{K\jK'). 
As a consequence, one can bound G by the square root of the probability that 
the space between p^^{K U K') and p^^[L U L') is covered by one single long 
polymer. The square root comes from a Cauchy-Schwarz inequality and accounts 
for the fact that one of the sequences m, m' may have a renewal point. 

We start by looking at the non-vanishing contributions to gn{L' , L; K' , K). 
Without loss of generality, we may assume J2keL' ^ — SfeGi ^ (otherwise, use 
(a*) — (a) to interchange L' and L). Suppose that m', m are iV-admissible and 

We claim that if s is a renewal point of m' such that 



LUL' C {0, ..,ps-p}, KUK' C {ps, ..,pN-p}, 
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s is also a renewal point of m. To see this, let M — {mi, ..,mAr}, similarly for 
M'. Then we must have 

M'\{K' U L') = M\{K U L). 
Intersecting with {0, ..,ps — p}, we obtain 

{M'\L') n {0, ..,ps -p} = {M\L) n {0, ..,ps-p}. 

In particular, 

s 

Thus 

S S 

j=i i=i 
The inequality on the right-hand side must be an equality, showing that s is a 
renewal point of m. 

Now suppose m',m give a non- vanishing contribution to the sum defining 
gn- They are by definition not allowed to have a common renewal point between 
p^^{LU L') and p~^{KU K'). As we have just shown, this means that m' cannot 
have a renewal point between p~^{LU L') and p~^{K U K'). Thus if X(, .., X'j^ 
is the partition of {0, .., — 1} determined by the renewal points of m', there 
is a rod Xj such that [pnimXj,pma.xXj] intersects both L' U L and K' U K. It 
follows that 

N{X'^) > mm{K' UK)- max(L U L') = d/p. 
In the spirit of step 3. in the proof of Theorem [2l we have 

N N-n „ „ 

I E E c'' 9n {L' pj, L-pj; K' pj, K - pj)\ 

71 — 1 j — 

m.m' 

■ (E l«w("^')P(V'm; A .. A V'm^,cl/Ci,/c|f,C/f'?A„'^ A .. A ?/v„^))^''^, 

where is the sum over sequences m' having no renewal point between p~^(LU 
L') and p~^{K' U K). Taking the limit N ^ oo after shifting the origin to the 
middle of the cylinder, we get 

\G\ < (g E ° (^2) 

n>d/p 

Remark: Rate of convergence. On sufficiently thin cylinders, we know from The- 
orem [T] that '^„ctnt^ has a radius of convergence Ra strictly larger than r. In 
this case r"C„ = q + 0((r/i?ct)") and Ineqs. (|7T|) and ([7^ show that there is 
actually exponential clustering. 
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